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It has been suggested that there may exist quantum correlations that go beyond entanglement. The existence 
of such correlations can be revealed by information theoretic quantities such as quantum discord, but not by 
the conventional measures of entanglement. We argue that a state displays quantumness that can be of local 
and nonlocal origin. Information theoretic measures not only characterize the nonlocal quantumness but also 
the local quantumness, such as the “local superposition”. This can be a reason why such measures are non¬ 
zero when there is no entanglement. We consider a generalized version of the Werner state to demonstrate the 
interplay of local quantumness, nonlocal quantumness, and classical mixedness of a state. 


I. INTRODUCTION 

One of the basic problems in quantum physics is to un¬ 
derstand the nature of correlations present between differ¬ 
ent particles in a composite system. The existence of non- 
factorizable states play important role in the existence of many 
exotic features of quantum information theory. These fea¬ 
tures, more specifically the advantages, include phenomena 
like quantum cryptography 111, quantum computation OO, 
quantum imaging im, quantum phase transition 13 , quantum 
biology and many more (71 . Therefore, it is important to 
study and understand the nature of correlations present in var¬ 
ious quantum systems. In the last decade, various measures of 
correlations ilSUTS]! have been introduced. It is believed that 
none of these measures can alone be sufficient to manifest all 
the facets of quantum correlations. However, each of these 
measures unveils some aspects of quantum correlations. 

Entanglement is the key concept which alters the notion of 
reality in the microscopic system. Not only that, it is also 
responsible for the metamorphosis of the meaning of correla¬ 
tion as we move from classical systems to quantum systems. 
Various studies have been conducted regarding the detection 
as well as quantification of entanglement lfT4ljT6l . Multitudi¬ 
nous techniques and measures have been introduced for the 
detection and quantification of entanglement. For pure states 
the situation is quite comprehensible as entanglement tells all 
about the correlation present. However, the situation is not so 
clear in the case of mixed states. In the case of mixed states 
because of certain issues, researchers begin to have a hunch 
that there may be something beyond the entanglement that ac¬ 
tually quantifies the amount of correlation present in the sys¬ 
tem. Recently, many measures have been proposed to quantify 
the amount of correlation present in a mixed state. These mea¬ 
sures have a unique feature that all of them seem to predict the 
presence of quantum correlation beyond the domain of entan¬ 
glement. However, the nature of these correlation, as one goes 
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beyond the entanglement, is far from understood. There have 
been many speculations, but still there is no universal way by 
which one can determine the total correlation present in the 
system 

There are two aspects of the quantum mechanical formal¬ 
ism that play important role in quantum information process¬ 
ing. The one aspect may be referred to as nonlocal quantum¬ 
ness. This is due to nonlocal superposition. This nonlocal 
superposition leads to entanglement. We will call the other 
aspect as local quantumness. The local quantumness appears 
due to local superposition of the states. Every extant correla¬ 
tion measures which is non-zero for separable states will show 
such quantumness. For the sake of illustration and simplic¬ 
ity, we will focus here on the information theoretic measure - 
quantum discord. 

Of the late, quantum discord have been accentuated in many 
works II 9 I- ITTII . This is an important information theoretic mea¬ 
sure based on the mutual information. It is the difference be¬ 
tween the total correlation and the classical correlation present 
in the system. Here in this work, we demonstrate that such 
quantities probe not only nonlocal quantumness but also local 
quantumness. That is the prime reason why such measures are 
non-zero for mixed states even when there is no entanglement 
present in the system. 

The organization of the work is as follows. In the section II, 
we discuss the notion of quantum covariance to characterize 
the correlations. In the section III, we give a brief introduction 
to the quantum discord. In the section IV, we discuss the phe¬ 
nomenon of local and nonlocal quantumness. In the section 
V, we consider few states to exemplify the difference between 
the classical and separable states in the context of local and 
nonlocal quantumness. In the section VI, we introduce the 
parametric representation of local and nonlocal quantumness 
and show that the discord function depends on both of them. 
Finally, we conclude in the last section. 
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II. QUANTUM COVARIANCE 

The covariance for a bipartite state pxY is defined as 

Coy{pxy, Ox, Oy) = T^^xy{pxyOxOy) — 

Ttx{pxOx)Tty{pyOy), (1) 

where Ox and Oy are observables acting on the part X and 
Y respectively. Unlike its classical counterpart, this covari¬ 
ance is not a measure of quantum entanglement (or quantum 
correlations). However, we can use it to detect quantum corre¬ 
lations. (See also the discussion below about nonlocal quan¬ 
tumness.) Using the intuitive meaning of quantum correla¬ 
tion, one can argue that a bipartite pure state has no quantum 
correlations, if the covariance vanishes for any two arbitrary 
observables X and Y. Clearly, covariance vanishes for the 
product states pxY = Px ^ Py- Here px and py are reduced 
density matrices. For a mixed state, one can minimize the 
magnitude of quantum covariance over all possible decompo¬ 
sitions. We can then define covariance for the system with the 
density matrix pxY = XiPiPxY a® 

Ypxy) = Cov(p^y, Ox, Oy)|. (2) 

i 

To avoid the negative value of covariance, we have considered 
its magnitude. In case the A{pxY, Ox, Oy) is non-zero, then 
the state will have quantum correlations. 

Lemma 1. For all bipartite two-qubit separable states, 
A{pxy) = 0. 

Proof: Here we can use the fact that (a) all the separable states 
can be decomposed in terms of product states and (b) for prod¬ 
uct states A = 0. 

Hence the ‘Lemma 1 ’ is important to identify bipartite cor¬ 
related states. 


III. QUANTUM DISCORD 

The quantum discord was introduced by Olivier and Zurek 
(2002) (3 as a measure of the “quantumness of correlations”. 
It is defined in terms of the mutual information. Classically, 
the mutual information is a measure of common information 
in two random variables. Therefore, it was natural to gen¬ 
eralize it to the quantum domain and express quantum cor¬ 
relation in terms of this object. However, the definition of 
the mutual information in quantum domain is not straight¬ 
forward. This is because there are more than one classical 
expressions to define the mutual information. These differ¬ 
ent expressions admit different generalizations. Discord uses 
this difference to characterize the quantum correlations. Clas¬ 
sically, one can write the mutual information in two alter¬ 
nate ways, I{X : Y) = H{X) - H{X\Y), and J{X : 
Y) = H{X) + H{Y) - H{X,Y). Here h[x),H{X,Y) 
and H{X\Y) are the entropy, joint entropy, and conditional 


entropy for the random variables X and Y. The Joint en¬ 
tropy and conditional entropy are related by the chain rule, 

H{X\Y) = H{X, Y) - H{Y). 

These expressions for the entropies can be generalized to 
the quantum domain by substituting random variables by den¬ 
sity matrices and Shannon entropies by von Neumann en¬ 
tropies. For example, H{X) H{px) = —Tr[plog(p)]. 
The generalization of the mutual information will also involve 
the generalization of the conditional entropy. We use the gen¬ 
eralization as suggest in the Ref (3. Using this generalization 
to the quantum domain, we obtain I{X : Y) = H{X) — 
H{X\{TrY}), where H{X\{ttJ}) = XjPjHipxiy) with 

Y Y 

Px\ 7 r^ — T^in^pxY) (^here pj is the probability of obtain¬ 
ing the jth outcome). Here, H{X\{7rJ}) is the Von Neu¬ 
mann entropy of the qubit X, when the projective measure¬ 
ment is done on Y. The quantum discord is then defined as, 
D{X :Y) = J-I = H{Y) - H{X,Y) + H{X\{7rJ}). 
This is to be minimized over the set of all one dimensional 
projectors {ttY }. We shall call D{X : Y) SiS discord function 
and its minimum value as the quantum discord. It is evident 
that the discord function is not symmetric in X and Y. In 
the above definition, we are making a measurement on the 
system Y. Let us call it F-discord. Similarly, we can de¬ 
fine X-discord, when the measurement is made on the system 
X, D{Y : X) = H{X) - H{X,Y) + H{Y\{7Tf}). Here 
H{Y\{Trf-} is defined in the same way as H{X\{TrJ }). 

For a bipartite state, X-discord and F-discord may have 
different values. They will have identical values when the 
state is symmetric in X and F. But, they are always non¬ 
negative. When one of the discord is zero, then the state would 
be separable. However it still may not be completely classi¬ 
cal state and may exhibit quantum behaviour. For the state 
to be completely classical, both discords must vanish. As we 
shall see below, there exist states for which only one of these 
discords is zero. Therefore, for the complete characterization 
of the quantumness, one should know both discords. For our 
convenience, we define a vector quantity, ^ which contains 
both discord as, 

S{pxy) = {S{X :Y),S{Y :X)}. (3) 

where 6{X : F) and 6{Y : X) are the X-discord and F- 
discord respectively after minimization over measurement pa¬ 
rameters. 


Observation 1. A two-qubit state is either classically corre¬ 
lated or is a product state iff 5 = 0. 

In the literature, there exit witness operators for discord (cf. 
ca) but we will not discuss them here. Observation 1 is 
enough for our analysis and it also gives us information about 
the structure of the states. 
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IV. QUANTUMNESS - LOCAL AND NONLOCAL 

A state of a bipartite quantum system may exhibit nonclas- 
sical behaviour due to either the local superposition (“local 
quantumness”) or due to the nonlocal superposition, i.e. en¬ 
tanglement, (“nonlocal quantumness”). Usually, one is more 
concerned about the entanglement and its characterization and 
quantification - in part due to its mysterious nature and to use 
it as a resource. However, local quantumness can also be im¬ 
portant if we can exploit the superposition as a resource in 
general. It is the superposition, local or nonlocal, that gives 
advantage in many quantum information processing proto¬ 
cols. 

In the case of quantum discord, therefore we have D{X : 
F) = D{ipL{X : F), cpnl{X : F)) where ipL{X : F) char¬ 
acterizes the local quantumness, and (pNhiX : F) character¬ 
izes the nonlocal quantumness of the state. We don’t know yet 
ifD{X : F) = D{ipL{X : Y)^D{ipNL{X : F). Theirprop- 
erties are - 1) both ^l{X : F) and if]s[L{X\Y) 2 irt invariant 
under local unitary operation; 2) ip l{X : F) may increase 
under local operations, but ipNL{X : F) would not; 3) under 
global operations, D{X : F) may increase or decrease; 4) if 
the state is separable then D{X : F) = D{ipL{X : F)) and 
D{X : F) = D{ipL{X : F), ipNL{X : F)) for an entangled 
state. We now discuss these features of a quantum state in a 
bit more detail. 


A. Local Quantumness 

A bipartite separable quantum state may not have entangle¬ 
ment, but it is a quantum state and can exhibit quantum fea¬ 
tures. This quantum feature may be called as the local quan¬ 
tumness. What we mean by local quantumness can be seen by 
following three examples. Consider the density operators 

Pa = I ++)(++ I, 

P6=p|++)(++| + (1 -p) I I, 

Pc = ^ I+ +)(+ +I + (1 — |00)(00|5 (4) 

where |±) = ;^(|0) i |1))- The state pa is a pure quantum 
state with no entanglement. Now one can argue that this state 
shows local quantumness. However, this local quantumness 
can be masked in the case of a pure product state. If we make 
a local measurement on the particle ‘A’ in Hadamard basis, 
we will get the particle in the state |+) with unit probability 
and the state would not change after the measurement. So, the 
local quantumness may not apparent. However, if we make 
a measurement in the computational basis {|0), |1)}, then the 
particle ‘A’ can be found in any of the computational basis 
state with equal probability and the state would change af¬ 
ter the measurement. This can be easily seen if we think of 
the state as a local superposition of the computational basis 
states. The state is what is known as classical mixed state. 
Its behavior will be similar to pa with respect to the measure¬ 
ments. We can mask its local quantumness. The state pc is 


also a separable state. However, in this state we cannot mask 
the local quantumness, irrespective of the measurement basis. 
This is because one particle state is not orthogonal and the 
state in one of mixture component can be written in terms of 
the superposition of the state in the other component and the 
rest of the measurement basis. Therefore, irrespective of the 
measurement basis, local quantumness (local superposition) 
cannot be hidden. So, we see that a separable state which is 
not completely classical, will have local superposition which 
can be exploited. This is what has been showing up as a re¬ 
source in the case of, eg, the model deterministic quantum 
computational with one quantum bit (DQCl) 131 . 

Lemma 2. A two qubit state pxY has only local quantumness 
WMpxy) = 0 and S{pxy) 7 ^ 0 . 

Proof: The proof follows from the observations (a) for all two- 
qubit separable states A{pab) = 0 and, (b) only for product 
states, or, classical states S{pxy) = 0 - 

1. Local noise can enhance Discord 

Since discord probes also local quantumness, therefore it 
can even increase by local operations. However, the local op¬ 
eration should be such that it changes the relative local quan¬ 
tumness of the mixture components. Quantum noise can be a 
good candidate for such a local operation. However standard 
local noise such as bit flip and phase flip noise cannot change 
discord, because no relative local superposition is introduced. 
In Ref (H, a set of Krass operators are given which can con¬ 
vert a classical mixed state, like pi, given below in Eq. 0, 
to a classical-quantum mixed state, like p 2 or ps, given below. 
This local noise can convert one separable state to another sep¬ 
arable state, but not to an entangled state. This noise is only 
changing the local quantumness properties of a bipartite state. 

B. Nonlocal Quantumness 

In this paper, we shall mean the existence of quantum cor¬ 
relations in a state as equivalent to the state showing “nonlocal 
quantumness”. It will also be synonymous with the existence 
of entanglement. If there is a system made of two subsystems, 
and there are quantum correlations, then the properties of the 
one subsystem, say A, would depend on the properties of the 
other subsystem, say B. The states of the subsystems are in¬ 
terdependent. This is the intuitive meaning of correlations. 
One can give a criteria for a pure bipartite state to possess 
quantum correlations. This criteria can then be generalized to 
a mixed state. This has been discussed in the section II. 

Observation 2. A two qubit state pxY has nonlocal quan¬ 
tumness iff A{pxy) 7^ 0. 

This just follows from the Lemma 1. 

We have discussed above the quantumness of a state goes 
beyond entanglement. We suggest that discord characterizes 
the quantumness of a state. This quantumness has both local 
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and nonlocal components. A separable state can have local 
quantumness, but no nonlocal quantumness. An individual 
system may also show quantum, i.e., non-classical behaviour. 
So quantum behaviour of any system encompasses quantum¬ 
ness due to correlation and quantumness of an individual sys¬ 
tem in the absence of correlation. Essence of the local quan¬ 
tumness is due to the superposition property of the state of a 
subsystem of a composite system. We can visualize the clas¬ 
sification of bipartite states as in Fig 1. 


Entangled 

states 


.Separable states 



^Classical states 


FIG. 1: (Color online) The large ellipse represents all 
two-qubit states (cf. CD ). The small ellipse represents all 
separable states (i.e., A = 0). The lines represent set of 
product states (end points of the lines) and classical states (in 
different basis). The point where the lines meet is the 
maximally mixed state. The outer annular space contains all 
entangled or, nonlocal states (i.e., A ^ 0 & S ^ 0), inner 
ellipse (except the lines) contains all separable states with 
local quantumness (i.e., A = 0& Sj^0) and line depicts all 
product states and classical states (A = 0 & (5 = 0). 


V. SIMPLE EXAMPLES 


A. Separable and Classical States 


In order to exemplify our argument, we consider separable 
mixtures and examine the discord function for them. In the 
mixed state domain, a state is said to be separable if it can 
be expressed as convex combination of product states. So, in 
principle a product state is a separable state while the converse 
is not always true. Therefore, separable states do not possess 
entanglement. However, as is known, not all separable states 
have zero discord. As a paradigm, we start with following 
mixed states. 


Pi=p|00)(00| + 

P2 =p| + +)(+ + I 

p3=p\++){++\ 
pi= p\ + +){+ + \ 


(l-p)lll)(lll, 

+ (l-p)|0-)(0-|, 

+ (l-p)|-0)(-0|, 
+ (l-p)|00)(00|, 


(5) 


where |±) = :^(|0) ± |1)) are the Hadamard states. These 
density matrices represent four different categories of separa¬ 
ble states. Neither of these states have entanglement. How¬ 
ever, these states differ in important ways, pi belongs to the 
category of completely classical states. p 2 and ps are not com¬ 
pletely classical, because, in the mixture, the states of only 
one of the particles are orthogonal. In the case of pi, both 
A-discord and F-discord are zero. For p 2 , A-discord is zero, 
while for ps, Y -discord is zero. For p 4 , both discords are non¬ 
zero. If we make a measurement in computational basis, then 
the discord function is nonzero for pi and p 2 . But we have to 
minimize the discord function to obtain the discord, the dis¬ 
cord is zero for pi , but not for p 2 . For pi , the discord function 
is zero in the Hadamard basis. This is the basis formed out 
of the states, of which the pi is a mixture. In this basis con¬ 
ditional entropy is zero, while entropies of the individual and 
composite system cancel. These facts are illustrated in Figs 
1 and 2, where discord functions are plotted as a function of 
the angle 0 that characterizes the measurement basis ifTTl . In 
these plots, DX = D{Y : X) and DY = D{X :Y). 


This is in accordance with the fact that while the density op¬ 
erator Pi represents a classical mixture, i.e., a mixture of or¬ 
thogonal states, the density mixture p 4 represents a mixture 
of non-orthogonal states. In the case of p 4 , unlike pi, states 
in one of the component, |+) is a linear superposition of the 
computational basis states {|0), |1)}. This is the case of lo¬ 
cal superposition. Therefore, the discord is non-zero for p 4 
because it also probes local quantumness (apart from nonlo¬ 
cal quantumness due to entanglement). One can say that a 


mixture of non-orthogonal separable state has local quantum¬ 
ness, i.e., local superposition, which cannot be washed away 
by writing down another decomposition of the density matrix. 


B. Werner State 

In this subsection, we show the importance of local quan¬ 
tumness for non vanishing value of the quantum discord with 
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DX DX 




FIG. 2: Dependence of X-Discord function on measurement basis with classical mixing parameter p = 0.5 for (i) pi and (ii) p 4 . 

DX DY 




FIG. 3: Dependence of (i) X-Discord and (ii) Y -Discord functions on measurement basis with classical mixing parameter p = 

0.5 for p 2 . For ps the X-Discord and F-Discord are interchanged. 


the aid of the Werner state. This state is given by 

P^ = {l-P)\ + p|^+)($+|, (6) 

where |^+) = :^(|00) + |11)) is a Bell state, I is the iden¬ 
tity operator and p is the classical mixing parameter. Naively, 
one may think that this state is not separable and has quan- 


At this point we ask this question: Does it necessarily mean 
that Werner state has quantum correlations that, in some sense, 
go beyond entanglement ? We claim that the answer to this 
question is no. Our argument is that one can always rewrite 
Werner state in such a way that this state is a valid mixture 
of non-orthogonal states whenever p < I CEl Therefore the 
discord is nothing but just revealing the local quantumness. 


turn correlations for all values of classical mixing parameter 
p. However, it is known that this state is not entangled when 
p < \ (using Peres-Horodecki criterion (201 . e. g.). It is also 
known that this state (pseudo pure state) is useful for infor¬ 
mation processing. If we look at the plot of the discord and 
the concurrence in the Fig 3, we see that concurrence is zero, 
when the state is not entangled, but the discord is non-zero. 


Rewriting the Werner state in that form, we have 
p^ = (l-3p)^ + |(|++)(++| + 

|oo)(oo| + lii)(ii| + |+-)(+-| + |-+l)(|-+l)) 

(7) 

where |±) = :^(|0) ± i|l)). This is a valid density operator 
when p < I- This is precisely the region of p, where Werner 
state is not entangled. Since (+|0) / 0 and (+|+) / 0, this 












6 


D C 



FIG. 4: (i) Quantum discord (D) and (ii) Concurrence (C) for the Werner State as a function of the classical mixing parameter p. 


state is a mixture of separable non-orthogonal states; so it is 
expected to have non-zero discord due to local quantumness. 


VI. GENERALIZED WERNER STATE: A COMPARATIVE 
ANALYSIS OF ENTANGLEMENT AND DISCORD 

In this section we generalize the Werner state to investigate 
the interdependence of local quantumness, nonlocal quantum¬ 
ness and classical mixedness by parametrization of each of 
these quantities. The major thrust of our claim lies in this part 
where we are able to see that the measures of entanglement 
like concurrence are independent of local quantumness, where 
as discord is a function of all these quantities. The generalized 
Werner state is defined as 


PGW = (1-P)^ + P\^nk)i^nk\^ 

where, = N^k (|+)n|+)n + k\—)n\—)n) 5 |+)n = 

A^(|0) H-n|l)) \-)n = N {-n*\0) -f- |1)). Here N^k and 

N are normalization constants. We can think of n as a local 
superposition parameter; /c as a nonlocal superposition param¬ 
eter and p as the classical mixing parameter. We note that this 
state becomes a separable state as /c ^ 0. Furthermore, there 
is no local superposition as n ^ 0. To study the behavior of 
the state with respect to these parameters, we compute concur¬ 
rence and discord for this state. To see how the discord and 
concurrence change as we vary p, n and k, in the following 
figures, we have plotted these functions. In the Fig 4, we have 
plotted concurrence for two different values of p as a func¬ 
tion of the parameters n and k. We observe that concurrence 
is independent of the local superposition parameter n. It is 
important because discord depends on n. It is expected that 


measures of entanglement are independent of local superposi¬ 
tion parameter (n), while the measures of correlations which 
claim to go beyond entanglement will depend on it. Coming 
back to these, we see that concurrence vanishes when mixing 
is small and the state is not entangled. It is also noteworthy to 
see that larger the value of p, larger is the concurrence. Con¬ 
currence also vanishes when nonlocal superposition parame¬ 
ter is small. In other words, if one is small then other has to 
be large for the state to be entangled. In fact, we find that this 
generalized Werner state is entangled, i.e., the concurrence is 
non-zero when 


(1 + fc 2 ) 

(l + fc2+4fc)- 


(9) 


This requirement is independent of n. And it reduces to fa¬ 
miliar condition p > I for the Werner state (n = 0, /c = 1) in 
order that it is entangled. 

Let us now see how discord varies with respect to changes 
in p, n and k. Similar to the concurrence, the discord is plot¬ 
ted in Figs 5 and 6. With the increase of the value of mix¬ 
ing parameter, the value of discord increases. Even for very 
small values of mixing, when there is expected to be no en¬ 
tanglement, the discord is non-zero. When there is no local 
superposition, i.e., n = 0, the discord value increases as mix¬ 
ing becomes stronger. The value also increases, as the value 
of nonlocal parameter k increases, i.e., entangled component 
of the mixture becomes more entangled, as expected. When 
there is no nonlocal superposition, i. e. k = 0, and the mix¬ 
ture is separable, the discord is non-zero. Its value increases, 
as the mixing parameter increases, or local quantumness be¬ 
comes stronger. Here important point is that the concurrence 
is independent of the local superposition parameter n, while 
the discord increases with an increase in the value of n. 
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FIG. 5: Variation of concurrence (C) for the Generalized Werner State with local superposition parameter n and nonlocal 
superposition parameter k for the two values of classical mixing parameter (i) for p = 0.4 and (ii) p = 0.9. 



FIG. 6: Variation of quantum discord (D) for the Generalized Werner State with local superposition parameter n and nonlocal 
superposition parameter k for the two values of classical mixing parameter (i) for p = 0.2 and (ii) p = 0.9. 


VII. CONCLUSION 

We have proposed that quantum discord (and other similar 
measures) as a measure of quantum correlations for a bipartite 
system contains both the local and the nonlocal quantumness. 
A quantum states with nonzero value of discord does not mean 
existence of quantum correlations beyond entanglement. In 
the absence of entanglement, there can be local quantumness 
that can make the discord nonzero. We have illustrated our 
proposal using a generalized Werner state to demonstrate the 
interplay of local quantumness, nonlocal quantumness, and 


classical mixedness by computing concurrence and quantum 
discord. To characterize the quantumness of a state, one also 
needs to compute both X-discord and Y-discord. Both dis¬ 
cords have to be zero to mask the local quantumness. 

We hope the present findings will help in understanding the 
nature of quantumness that goes beyond entanglement. 
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